Abstract:
In this paper we have constructed a coordinate space (or geometric) Lagrangian for a point particle that satisfies the Doubly Special Relativity dispersion relation in the Magueijo-Smolin framework. At the same time, the symplectic structure induces a Non-Commutative κ-Minkowski spacetme. Hence this model bridges a gap between two conceptually distinct ideas in a natural way.
We thoroughly discuss how this type of construction can be carried out from a phase space (or first order) Lagrangian approach. The inclusion of interactions are briefly outlined.
The work serves as a demonstration of how Hamiltonian (and Lagrangian) dynamics can be built around a given non-trivial symplectic structure.
Quantum gravity motivates [1] us in accepting two observer-independent scales: a length scale (∼ Planck length?) and of course, the velocity of light. On the one hand, this gave rise to the novel idea of Doubly Special Relativity (DSR) [2] . 1 On the other hand, existence of a length scale is directly linked with the breakdown of spacetime continuum and the emergence of a Non-Commutative (NC) spacetime (below e.g. Planck length) [4] . The specific form of NC spacetime that one encounters in the context of DSR is known as κ-Minkowski spacetime [5] . There are manifestly distinct constructions of DSR dispersion relation [6, 5, 7, 8, 9] , which appear as Casimir operators of distinct κ-Poincare algebra. From Quantum Group theoretic point of view, it has been argued [9, 10] that these κ-Poincare algebra are dual to different forms of κ-Minkowski NC phase space, all of which, indeed, have the same κ-Minkowski spacetime structure. Indeed, this state of affairs makes the connection between DSR and NC spacetime somewhat indirect.
However, two important and physically intuitive connections were missing in the existing literature: (i) A minimal 3 + 1-dimensional dynamical model that induces the Magueijo-Smolin DSR dispersion relation and (ii) A direct connection between the particle model and the corresponding NC spacetime on which it lives. The present work sheds light on both these areas simultaneously. As for (i), we provide an explicit geometric Lagrangian that obeys the DSR dispersion law in Magueijo-Smolin base, albeit for a specific choice of a parameter value. The problem (ii) is addressed by exploiting the reparametrization invariance of the system, which allows us to fix a gauge such that the κ-Minkowski phase space algebra (in Magueijo-Smolin base) emerge as Dirac Brackets.
We start by introducing the κ-Minkowski phase space algebra in the Magueijo-Smolin base, (see for example [9, 11] ):
Our metric is diag g 00 = −g ii = 1. κ is the NC parameter and for κ = 0 one recovers the normal canonical phase space. Note that choice of other forms of bases, (such as bi-crossproduct or standard base), leads to forms of {x µ , p ν } algebra that are distinct from (2) but in all the bases, the spacetime algebra is identical to that of (1) [12] .
The above symplectic structure can be written in a manifestly Lorentz covariant form, with
The algebra satisfies Jacobi identity. As we have mentioned, our aim is to construct a point particle model that will induce the above structure (3, 4) in an inherent way and subsequently we will study the particle dynamics to recover the DSR mass-shell condition. The idea, in spirit, is same as the NC plane that is induced in the Landau problem of a point charge living on a plane in the presence of a large magnetic field, normal to the plane. The planar noncommutativity is dictated by the symplectic two form which, in fact, specifies the particle Lagrangian.
The plan of the paper is the following: In Section I we will present geometric Lagrangian of the DSR particle in Magueijo-Smolin base and demonstrate that it correctly reproduces the DSR relation and yields the κ-Minkowski phase space algebra, both in Magueijo-Smolin base. This is the main result of our work. In Section II we study the symmetry properties of this NC phase space and show that DSR mass-shell condition, reproduced here, is Lorentz invariant. Section III is devoted to a systematic analysis of the derivation of this particular geometric Lagrangian from a first order phase space Lagrangian. Incidentally, this is a novel way of generating a dynamical model around a particular symplectic structure The approach is quite generic and in principle is applicable to any (Jacobi identity satisfying) phase space algebra. In Section IV we summarize our results and point out some future directions of study.
Section I: The DSR Geometric Lagrangian
We posit the following geometric Lagrangian in order to describe the point particle obeying the DSR dispersion relation in Magueijo-Smolin base:
This is our principal result. First we derive the DSR dispersion relation. The conjugate momentum p µ = ∂L/∂ẋ µ is computed as,
It is straightforward to check that (6) satisfies the relation,
This happens to be a special case of the Magueijo-Smolin dispersion relation [8, 9, 10] relation,
. We will comment on this point at the end. We now turn to derive the connection between this model and κ-Minlowski phase space. We observe that the Lagrangian (5) is τ -reparameterization invariant which is evident from the vanishing Hamiltonian,
Following the Hamiltonian analysis of constraints, as formulated by Dirac [13] , there is a First Class Constraint (FCC) that acts as a generator of the above local gauge invariance. 2 In fact, the DSR mass-shell condition (7)
is precisely the corresponding First Class Constraint [13] generating τ -transformations.
The above symmetry allows us to fix a gauge condition as another constraint and to recover the NC phase space (3,4) we started with. We choose the following gauge,
Together with the mass-shell condition (7) ψ 2 = p 2 − 1 κ 2 (1 − κ(ηp)) 2 = 0 they constitute an SCC [13] pair, with {ψ 1 , ψ 2 } = −(1 − κ(ηp))/κ 2 = 0. The Dirac Brackets are defined in the folowing way,
where {ψ i , ψ j } refers to the constraint matrix. Thus we obtain the κ-Minkowski NC phase space (3,4) as Dirac Brackets,
where we have redefined the degrees of freedom,
The above change of variables is invertible (provided 1 − κ(ηp) = 0) and in order to derive (12,13) we have used the inverse relation
Hence we note that we have accomplished what we set out to demonstrate: Connecting a DSR dispersion relation to a Non-Commutative spacetime in a direct and dynamical way. A (classically) equivalent but geometrically more transparent form of the Lagrangian given in (5) is:
where φ is an auxiliary variable that modifies the interacting point particle action through the metric, or equivalently yields a particle with a variable effective mass, p 2 = (κφ/2) 2 .
Section II: Symmetry Properties
Generally, in the κ-extensions of the Poincare algebra, the Lorentz subalgebra is kept unchanged and only transformation properties under boost are modified [12] . Same is the case for the present κ-Minkowski algebra and this can be explicitly checked. Let us consider the conventional form of Lorentz generators L µν = x µ p ν − x ν p µ and using (3, 4) we find that the Lorentz algebra remains intact,
However, x µ and p µ transform in the following non-trivial way:
Notice that only the boost relations are modified [8] (see also Kowalski-Glikman in [2] ),
From the Hopf algebra point of view, the simplest way [14] to see that the co-product rules will be modified is the following. To O(κ) the algebra (4) is reproduced using canonical (Darboux) variables (q µ , p ν ) and the relations,
. Thus, expressing L µν in terms of canonical variables, it is easy to see that, (at least to
by a term that is higher order in momenta signals a change in the co-product rules and the twisted symmetry [14] .
We note that the mass-shell condition (7) is Lorentz invariant on-shell:
The relation (7) is interesting as it mimics the non-relativistic mass-energy relation, E = (2κ) −1 + κ p 2 /2. At the same time, from p 2 = 2κ
acts as a threshold with p 2 = 0 and for E < (2κ) −1 , the three momenta become unphysical. (The reason for the validity of our model for E > (2κ) −1 is not clear to us.) Note that it is conventional to identify κ −1 with the Planck mass.
Section III: Systematic Study in a Phase Space Lagrangian Framework
In this section we show how DSR Lagrangian (5) with the inherent κ-Minkowski phase space structure was constructed in a systematic way. The formalism is generic and, in principle, can be applied to any given (Jacobi identity satisfying) phase space algebra. As we show, the phase space (or first order) Lagrangian formalism is most convenient for us.
Normally, in studying a particular dynamical system in the phase space Lagrangian approach, one has the Lagrangian at hand. From the kinetic sector, one computes the symplectic two form and its inverse yields the symplectic phase space algebra. Given a Hamiltonian it is now straightforward to analyse the Hamiltonian equations of motion. However, for the present case, we will have to employ the symplectic procedure [15] in the reverse order that is we will start from a given symplectic structure, ((3,4) in this case), and construct the point particle Lagrangian leading to it. This is how the dynamics is built around a particular symplectic structure. There is a "gauge" ambiguity in the construction of the Lagrangian, but the symplectic structure and dynamics depend on the gauge invariant effective "field strength" and hence is unique.
Schematically the procedure is the following [15] : The symplectic matrix ω µν ab where, {ξ
is related to the Lagrangian,
through the identification ω
This scheme allows us to state our model, the phase space Lagrangian, in the form of (21),
where
Note that we have introduced a generalized form of mass-shell condition through the multiplier λ. This symplectic structure yields the NC phase space (3,4) exactly. Construction of this first order Lagrangian is the other major result of the present work. Our objective is now to recover the coordinate space geometric Lagrangian of (5) from the the above phase space Lagrangian in (23,22) by eliminating p µ and λ from the latter. We start by obtaining the variational equations of motion. A straightforward but tedious calculation yields,ṗ
From (24) we obtainṗ
which is same as the Newton's law for an ordinary free particle. Indeed, this is not the most general solution but it is sufficient for the task at hand. The remaining job is to express p µ in terms of x µ andẋ µ so that we can generate the geometric Lagrangian. For this we take up (25), which is simplified sinceṗ µ = 0,
We now find that in fact, Z = 0 is the mass shell condition that we have proposed at the beginning in (7) . Then consistency demands that factors multiplying Z −1 in (28) should vanish:
Thus we recover the mass-shell condition (7) once again and obtain,
which upon squaring gives
In obtaining the above equations, the mass-shell condition has been exploited. We come back to (30) and upon contraction with η µ we find (1 − κ(ηp)) = − . Using (30) this leads us to the relation (6),
This form of p µ is consistent since putting it in Z we find Z = 0 as it should. Substituting (6) in A p µ in (22) we find, A
This requires the (Lagrangian) constraint (xẋ) = 0 since Z vanishes. Actually, this is the counterpart of the gauge fixing condition we imposed in Section I. Finally we arrive at the Lagrangian written entirely in terms of coordinate space variables, (modulo a total derivative), given in (5) at the starting,
The last part of our analysis should be supplemented by more rigorous derivations but as we have pointed out in Section I, the end result is a well behaved Lagrangian (5) having the requisite features.
Section IV: Summary and Future Outlook
In the present work, we have forged a direct link between a particle having a DSR energymomentum dispersion relation and the NC κ-Minkowski phase space on which it lives. This has been achieved by constructing a point particle Lagrangian. The systematic procedure of generating particle dynamics around a specific symplectic structure is also discussed in detail.
Before discussing the future projects that we have in mind. we would like to mention a recent work of Girelli et.al. [16] (see also [17] for an alternative formulation), where a DSR particle is constructed 3 + 1-dimensions, by suitably constraining a five dimensional momentum space through non-trivial gauge fixing conditions. Conceptually, these constructions might be somewhat awkward [18] since the free particle has to live in the constraint manifold dictated by the relation t − κ( x. p) = 0 and time and space are no longer independent entities. The constant parameter κ induces NC spacetime. In this perspective, our model is minimal as it is not derived from a higher dimensional model and the sanctity of 3 + 1-dimensional spacetime is also maintained.
We list some of the problems that we intend to study in near future: (i) Generalizing the model so that the full form of Magueijo-Smolin DSR diapersion relation can be obtained.
(ii) It is very important to study the behavior of the DSR particle in presence of interaction. So far this has not been done mainly because a suitable Lagrangian formulation of the model was lacking. Indeed, in our approach, an external interaction can be easily included, the simplest being a minimal coupling to a U(1) gauge field. We follow [19] and modify the kinetic term by adding the external coupling term,
where A µ (x) is the external physical gauge field. (iii)It will be interesting to construct, in the present framework, point particle models of other DSR structures. It has been shown that these different DSR bases are related through nonlinear transformations of variables and explicit rules are provided in [12] . However, whether this (mathematical) equivalence generates physically equivalent models can be tested by considering dynamical models of the present form, where the particle behavior can be studied in a direct way.
